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ABSTRACT 

Estimation of extreme rainfall for a given return period is of utmost importance for planning, design and 
management of hydraulic structures and riverfront development projects. This can be achieved by Extreme 
Value Analysis (EVA) that involves fitting of Gumbel probability distribution to the series of Annual 1-day 
Maximum Rainfall (AMR). Standard parameter estimation procedures viz., Method of Moments (MoM), 
Maximum Likelihood Method (MLM) and Probability Weighted Moments (PWM) are applied for 
determination of parameters of the Gumbel distribution. This paper presents a study on comparison of MoM, 
MLM and PWM estimators of Gumbel distribution adopted in EVA of rainfall for Kalyan, Thane and 
Ulhasnagar sites of Ulhas river basin. Goodness-of-Fit tests viz., Anderson–Darling, Kolmogorov–Smirnov and 
Mean Absolute Percentage Error are used for checking the adequacy of fitting of three methods of Gumbel 
probability distribution to the AMR data. Based on the GoF tests results, the MLM is identified as better-suited 
method amongst three methods applied for determination of parameters of Gumbel distribution for estimation 
of extreme rainfall at Kalyan, Thane and Ulhasnagar sites 

Keywords: Anderson–Darling test, Extreme Value Analysis, Gumbel distribution, Kolmogorov Smirnov test, 
Mean Absolute Percentage Error, Probability Weighted Moments, Rainfall 

 
I. INTRODUCTION 

 
Rainfall analysis for any river basin is essential for 
planning and design of hydraulic structures and 
riverfront development projects. As the distribution 
of rainfall varies over space and time, it is required 
to analyse the data covering long periods and 
recorded at various locations to obtain reliable 
information. For example, the analysis of 
consecutive days of rainfall is more relevant for the 

drainage design of agricultural lands whereas 1-day 
maximum rainfall for a desired return period (T) is 
needed for arriving at a design parameter for 
planning, design and management of hydraulic 
structures. Likewise, weekly rainfall data analysis is 
relevant for planning cropping patterns whereas 
analysis of monthly, seasonal, and annual rainfall 
data is more useful for water management practices 
[1].  
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Out of a number of probability distributions, the 
family of Extreme Value Distributions (EVDs) 
includes Generalized Extreme Value, Extreme 
Value Type-1 (Gumbel), Extreme Value Type-2 
(Frechet), Extreme Value Type-3 (Weibull) and 
Generalized Pareto is widely adopted for Extreme 
Value Analysis (EVA) of rainfall [2]. EVDs arise as 
limiting distributions for the sample of independent, 
identically distributed random variables, as the 
sample size increases. In the group of EVDs, 
Gumbel distribution has no shape parameter as 
when compared to other distributions and this 
means that there is no change in the shape of 
Probability Distribution Function (PDF). Moreover, 
the Gumbel distribution has the advantage of 
having only positive values, since the data series of 
rainfall are always positive (greater than zero); and 
therefore Gumbel distribution is important in 
statistics. Deka and Borah [3] have derived the best-
fitted distribution amongst five EVDs used to 
describe the annual series of maximum rainfall data 
of nine distantly located stations in north east India. 
Sharma and Singh [4] analyzed the series of annual, 
seasonal, monthly and weekly maximum rainfall 
data of Pantnagar region and identified the best 
fitted probability distribution among the sixteen 
distributions used in the study. Mujere [5] applied 
Gumbel distribution for modelling flood data for 
Nyanyadzi River, Zimbabwe. Esteves [6] applied 
Gumbel distribution to estimate the extreme rainfall 
depths at different rain gauge stations in southeast 
United Kingdom. Vivekanandan [7] applied Gumbel 
distribution for modelling the seasonal and annual 
rainfall for Krishna and Godavari river basins. Rasel 
and Hossain [8] applied Gumbel distribution for 
development of intensity-duration-frequency 
curves for seven divisions in Bangladesh. 
Mohammed and Azhar [9] stated that conventional 
flood frequency analysis involving Log Normal, 
Gumbel and Log Pearson Type-3 distributions could 
be applied to estimate extreme flows. In view of the 
above, the Gumbel distribution is used for EVA of 

rainfall. Standard parameter estimation procedures 
viz., Method of Moments (MoM), Maximum 
Likelihood Method (MLM) and Probability 
Weighted Moments (PWM) are generally applied 
for the determination of the parameters of the 
Gumbel distribution [10]. A number of studies have 
been carried out by different researchers on 
analysing the characteristics of parameter 
estimation methods for the Gumbel distribution. 
Research reports indicate that the MoM is a natural 
and relatively easy parameter estimation method 
[11]. MLM is considered as the most efficient 
method as it provides the smallest sampling 
variance of the estimated parameters and hence of 
the estimated quantiles compared to other methods 
[12]. Phien [13] and Swami et al. [14] studied that 
PWM and method of least squares are much less 
complicated, and the computations are simpler. 
Parameter estimates from small samples using PWM 
is sometimes more accurate than MLM estimates for 
the Gumbel distribution. But, there is no general 
agreement concerning the application of a 
particular method for determining the parameters 
of the Gumbel distribution for estimation of rainfall.  
In this paper, a study on comparison of MoM, MLM 
and PWM estimators of Gumbel distribution was 
carried out to identify a best suitable method for 
EVA of rainfall for Kalyan, Thane, Ulhasnagar sites 
of Ulhas river basin through Goodness-of-Fit (GoF) 
tests such as Anderson–Darling, Kolmogorov–
Smirnov and Mean Absolute Percentage Error [15]. 
The procedures adopted in determining the 
parameters of Gumbel distribution by three 
methods and GoF tests are briefly described in the 
ensuing sections. 
 

II. METHODOLOGY 
 
The PDF and Cumulative Distribution Function 
(CDF) of Gumbel distribution is given as follows: 

PDF:    




 /re/r ee
)r(f , , β>0               … (1)  
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CDF: 
  

/ree)r(F                                          … (2)  

where, r is the recorded data, α is the location 
parameter and β is the scale parameter [16]. The 
parameters are computed by MoM, MLM and PWM; 
and used to estimate the extreme rainfall (RT) for 

different return periods from  ˆYˆR TT  

wherein    T/11LnLnYT  , ̂ is the estimator 

of location parameter and ̂ is the estimator of scale 

parameter. 
Method of Moments  

 ˆ5772157.0Rˆ  and   RS6ˆ                   … (3)  

where, R and SR are the mean and standard 
deviation of the recorded data [17].  
Maximum likelihood method 
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Probability Weighted Moments 
 ˆ0.5772157-M=ˆ 100

 and  
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Here ‘i’ is the rank assigned to each sample arranged 
in ascending order. 
 
Computation of Standard Error and Confidence 
Limits 
Standard Error (SE) on the estimated extreme 
rainfall using MoM, MLM and PWM is computed 
from the following equation: 

  5.02
TT CYBYA

N

ˆ
SE 




               
… (6)  

Table 1 gives the coefficients used in computation of 
SE by MoM, MLM and PWM methods. The lower 
and upper confidence limits (LCL and UCL) of the 
estimated rainfall are obtained from the linear 
expressions viz., LCL=ER-1.96(SE) and 

UCL=ER+1.96(SE). Here, SE is the Standard Error 
on the estimated ER.  
 

Table 1: Coefficients used in computation of  
SE by MoM, MLM and PWM 

Parameter 
Estimation 

Method 

Coefficients used in 
computation of SE 
A B C 

MoM  1.1589 0.1919 1.1000 
MLM 1.1087 0.5140 0.6079 
PWM 1.1128 0.4574 0.8046 

 
Goodness-of-Fit tests  
Generally, GoF tests viz., Anderson-Darling (A2) 
and Kolmogorov-Smirnov (KS) tests are applied for 
checking the adequacy of fitting of Gumbel 
distribution. Theoretical descriptions of GoF tests 
are as follows:  
A2 test statistic is defined as below: 

     ∑
N

1i i

i2

)Z1ln(i21N2

)Zln()1i2(
N1NA

 










             … (7)  

Here, Zi = F(ri) for i=1,2,3,…,N with r1<r2<….<rN 
and F(ri) is the CDF of ri.  

KS test statistic is defined as below:  

)r(F)r(FMaxKS iDie

N

1i




                                          
      

… (8)   

Here, Fe(ri) is the empirical CDF of ri and FD(ri) is 
the derived CDF of ri by probability distribution. In 
this study, Weibull plotting position formula is used 
for computation of empirical CDF. The theoretical 
values of A2 and KS tests statistic for different 
sample size (N) at either 5% or 1% significance level 
are available in the technical note on ‘Goodness-of-
Fit Tests for Statistical Distributions’ by Charles 
Annis [18]. If the computed value of GoF test 
statistic given by the probability distribution is less 
than that of its theoretical values at the desired 
significance level then the distribution is assumed to 
be suitable for EVA of rainfall at that level of 
significance. 
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Mean Absolute Percentage Error  
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where, ri is the recorded value of AMR of ith sample 

and *
ir is the estimated value of AMR of ith sample. 

The test criteria indicates the method having 
minimum MAPE value is considered as better-
suited method for determination of estimators of 
Gumbel probability distribution for EVA of rainfall. 
 

III. APPLICATION 
 
In this paper, a study on comparison of estimators of 
Gumbel distribution for estimation of extreme 
rainfall at Kalyan, Thane and Ulhasnagar sites of 
Ulhas river basin was carried out. The Ulhas River is 
one of the west-flowing rivers in Maharashtra that 
drains into the Arabian Sea. The Ulhas rises from 
Sahyadri hill ranges in the Raigad district of 
Maharashtra at an elevation of 600 meter above 
mean sea level. The boundary of the basin consists 

of the main Sahyadri hills on the east, westerly off 
shoots on the north and south and on the west, a 
narrow opening at the end leading to the sea. The 

Ulhas river basin lies between the latitudes of 18o 

44 N to 19o 42 N and longitudes of 72o 45' E to 73o 

48 E. The drainage area of Ulhas basin is 4,637 km2 
which lies completely in Maharashtra. The total 
length of the west flowing river from its origin to its 
outfall in to the Arabian Sea is 122 km. The average 
rainfall in the Ulhas basin is 2,943 mm. The basin 
receives 99% of rainfall from the south-west 
monsoon during June to October. The average 
maximum and minimum temperatures are recorded 

as 38.9 oC and 12.4 oC respectively. Figure 1 gives 
the location map of the study area. In this paper, the 
daily rainfall data observed at Kalyan, Thane and 
Ulhasnagar sites during the period 1986 to 2017 was 
used. The AMR series was extracted from the daily 
rainfall data and used for EVA of rainfall. 

 

 

 
Figure 1: Location map of the study area 

 
IV. RESULTS AND DISCUSSIONS 

 
By applying the procedures, as described above, 
parameters of the Gumbel distribution were 
determined by MoM, MLM and PWM methods and 
used for EVA. The EVA results of Kalyan, Thane 
and Ulhasnagar sites are presented in Tables 2 to 4 

respectively. From Tables 2 and 4, it may be noted 
that the rainfall estimates given by PWM are 
comparatively higher when compared with the 
corresponding estimates obtained from MoM and 
MLM for Kalyan and Ulhasnagar. Also, from Tables 
2 to 4, it may be noted that the SE on the estimated 
rainfalls are minimum when MLM estimator is used 
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for estimation of extreme rainfall. The plots of 
estimated rainfalls by three methods of Gumbel 
distribution with the recorded rainfall for Kalyan, 
Thane and Ulhasnagar sites are developed and 
presented in Figures 2 to 4 respectively.  
 
Analysis Based on GoF Tests 
GoF tests such as A2, KS and MAPE were used for 
checking the adequacy of fitting of three methods of 
Gumbel distribution to the AMR series of Kalyan, 
Thane and Ulhasnagar sites. The GoF tests values 
were computed from Eqs. (7 to 9) and presented in 
Table 5. From GoF tests results, it may be noted that 
the computed values of A2 test statistic of MoM and 

PWM methods are higher than the theoretical 
values i.e. 0.757 at 5% significance level and hence 
these two methods are not found to be acceptable to 
fit the AMR series recorded at Kalyan, Thane and 
Ulhasnagar sites. Also, A2 test results indicated that 
the MLM method is acceptable for EVA of rainfall 
for the sites considered in the study. From Table 5, 
it may be noted that the computed values of KS test 
statistic by MoM, MLM and PWM methods are less 
than its theoretical value i.e. 0.241 at 5% 
significance level and hence all three methods are 
found to be acceptable to fit the AMR series 
recorded at Kalyan, Thane and Ulhasnagar sites.

Table 2. Extreme rainfall estimates with SE by three methods of Gumbel distribution for Kalyan 
Return 
period  

(yr) 

Estimated rainfall (mm) with SE (mm) using 
MoM MLM PWM 

RT SE RT SE RT SE 
2 190.0 15.7 191.7 13.0 200.3 17.2 
5 274.5 26.5 258.2 20.0 290.8 27.7 

10 330.4 35.8 302.2 25.6 350.6 36.3 
20 384.0 45.2 344.5 31.4 408.1 45.1 
50 453.4 57.8 399.2 39.0 482.4 56.7 

100 505.4 67.3 440.2 44.8 538.1 65.5 
200 557.2 76.9 481.0 50.7 593.7 74.4 
500 625.6 89.6 534.9 58.4 666.9 86.2 

1000 677.3 99.2 575.6 64.3 722.2 95.2 
 

Table 3. Extreme rainfall estimates with SE by three methods of Gumbel distribution for Thane 
Return  
period  

(yr) 

Estimated rainfall (mm) with SE (mm) using 
MoM MLM PWM 

RT SE RT SE RT SE 
2 198.5 19.3 199.6 13.6 207.1 18.4 
5 302.2 32.5 271.5 20.8 303.9 29.6 

10 370.8 44.0 319.0 26.7 368.0 38.9 
20 436.7 55.6 364.6 32.7 429.5 48.2 
50 521.9 71.0 423.7 40.7 509.1 60.7 

100 585.8 82.7 467.9 46.7 568.7 70.2 
200 649.4 94.4 512.0 52.8 628.2 79.7 
500 733.4 110.0 570.1 60.9 706.6 92.3 

1000 796.8 121.8 614.1 67.1 765.8 101.9 
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Table 4. Extreme rainfall estimates with SE by three methods of Gumbel distribution for Ulhasnagar 
Return  
period  

(yr) 

Estimated rainfall (mm) with SE (mm) using 
MoM MLM PWM 

RT SE RT SE RT SE 
2 151.0 13.0 152.9 9.2 162.0 13.9 
5 221.1 22.0 201.7 14.2 235.3 22.4 

10 267.5 29.7 234.0 18.2 283.9 29.5 
20 312.0 37.5 264.9 22.2 330.4 36.5 
50 369.6 48.0 305.0 27.6 390.7 46.0 

100 412.8 55.9 335.1 31.8 435.9 53.1 
200 455.8 63.8 365.0 35.9 480.9 60.3 
500 512.5 74.3 404.5 41.4 540.3 69.9 

1000 555.4 82.3 434.4 45.6 585.2 77.1 
 

Table 5: Computed values of GoF tests by three methods of Gumbel distribution 
Site A2 test KS test MAPE (%) 

MoM MLM PWM MoM MLM PWM MoM MLM PWM 
Kalyan 1.937 0.502 1.383 0.190 0.097 0.139 8.9 6.4 12.1 
Thane 1.573 0.715 1.397 0.183 0.095 0.133 13.7 7.8 13.2 
Ulhasnagar 1.668 0.536 1.932 0.142 0.051 0.102 13.2 6.6 14.0 

 
From Table 5, it is also noted that the MAPE given 
by MLM is considerably minimum when compared 
with the corresponding values of MoM and PWM 
of Gumbel distribution. Based on GoF tests results, 
it is identified that the MLM is better suited method 
for determining the estimators of Gumbel 
distribution that are used for estimation of extreme 
rainfall at Kalyan, Thane and Ulhasnagar sites. The 
plots of recorded and estimated extreme rainfalls by 

MLM of Gumbel distribution together with 95% 
confidence limits for Kalyan, Thane and Ulhasnagar 
sites are presented in Figures 5 to 7 respectively. 
From Figure 5 to 7, it can be seen that the 
percentages of recorded rainfall values within the 
confidence limits of the estimated extreme rainfalls 
are about 75% for Kalyan whereas about 95% for 
Thane and about 90% for Ulhasnagar. 

  

Figure 2. Plots of observed and estimated 
rainfall by Gumbel distribution (using  

MoM, MLM and PWM) for Kalyan 

Figure 3. Plots of observed and estimated 
rainfall by Gumbel distribution (using  

MoM, MLM and PWM) for Thane 
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Figure 4. Plots of observed and estimated 

rainfall by Gumbel distribution (using  
MoM, MLM and PWM) for Ulhasnagar  

 

Figure 5. Plots of observed and estimated 
rainfall by Gumbel distribution (using MLM) 

with 95% confidence limits for Kalyan 

  
Figure 6. Plots of observed and estimated 

rainfall by Gumbel distribution (using MLM) 
with 95% confidence limits for Thane  

Figure 7. Plots of observed and estimated 
rainfall by Gumbel distribution (using MLM) 
with 95% confidence limits for Ulhasnagar 

  
V. CONCLUSIONS 

 
The paper presents the study carried out for 
intercomparison of MoM, MLM and PWM 
estimators of Gumbel distribution using GoF tests to 
identify the best suitable method for estimation of 
extreme rainfall at Kalyan, Thane and Ulhasnagar 
sites by adopting EVA. Based on GoF tests results, 
the following conclusions were drawn from the 
study: 

i. The estimated extreme rainfall by Gumbel 
(using PWM) is higher than the 
corresponding values obtained from MoM 
and MLM methods used in EVA of rainfall 
for Kalyan and Ulhasnagar.  

ii. A2 test results confirmed the applicability of 
MLM of Gumbel distribution for EVA of 
rainfall. 

iii. KS test results supported the use of MoM, 
MLM and PWM methods of Gumbel 
distribution for EVA of rainfall. 

iv. MAPE values indicated that the MLM is 
identified as better suited method for 
determination of parameters of Gumbel 
distribution for EVA of rainfall. 

v. The study suggested that the 1000-yr return 
period Mean+(1.96)SE (where Mean denotes 
the estimated ER and SE the Standard Error) 
values of about 702 mm at Kalyan, 746 mm 
at Thane and 524 mm at Ulhasnagar given 
by MLM of Gumbel distribution could be 
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considered for designing the hydraulic 
structures having a design life of 1000-years. 
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